3D plasticity

e 3D viscoplasticity
e 3D plasticity
e Perfectly plastic material

e Direction of plastic flow with various criteria

e Prandtl-Reuss, Hencky-Mises, Prager rules
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3D plasticity and viscoplasticity

Strain partition

- Criterion
f
- Flow rule
el =
- Hardening rule
Y; =
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Formulation of viscoplastic constitutive equations

The easiest way of writing a viscoplastic model is to definesaoplastic potential®d,
depending on stress and hardening variablestafddardmodel will then be
characterized using the yield functigito define®, and deriving viscoplastic strain rate
and hardening rate fro, ¢ := ¢(f(o,Y7)).

e Viscoplastic strain rate:

0P

R

€ Do

e State variable rate:

o 9%

L= oy,

.. 0D
Introducingo = ar n =0f/0c,andM; = 0f /Y

EP =on  ay=—vM;
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Viscoplastic potential, standard model

Elasticity

strain

low...

high... viscous effect

Stress _
/\ Hardening
variables

EP =on  dp = —0M]

~Y
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Examples of simple viscoplastic models

- Norton rule and von Mises criteriofi= J(o), and :

o] o0J O0s 3 s 1
— = = === (I—-—=-I®I)=
9o 95 9 2 LE-3I®D

The elastic domain is reduced to one point.

- Bingham model:
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NOTE: partial derivative of o with respect to s

Iol

Wl

e TensorJ =1 —

~Y

Y
|

A
Q

e Index notation:

1 1
Jijki = 5(5ik5jl + 0i1djk) — §5ij5kl

e Other solution:

J2 = %Sijsz'j then 2JdJ = 38ijd0'z'j
0 _ 35y
(‘?az-j B 2 J
97 _ 32
oo 2J
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Viscoplastic potential, associated vs standard model

Elasticity

Stress
/\ Internal
variables

Standard model

Georges Cailletaud, Ecole des Mines de Paris, Centre desaviatix

Viscoplastic
flow ,

of
Hardening

Elasticity

Stress
A Internal
variables

Associated model
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Viscoplastic potential, general vs associated model

Viscoplastic
flow

/-
€

Stress Stress
A Internal
variables

Associated model Non associated model

ép

Viscoplastic
flow ,

of
Hardening

Elasticity
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From viscoplasticity to plasticity

a. Viscoplastic potential b. Plastic pseudo-potential as a limit

case

- Viscoplasticity= after the choice of the function defining viscous efféas known

- Plasticity= )\ to be defined from the consistency condition
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Formulation of the plastic constitutive equations
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E=A"":09)
Y)<0 (e=A"":9)
Y)=0 (e=A""':0+¢&
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Plastic pseudo-potential, associated vs standard model

gp
Plastic flow :
f=0, f=0
Elasticity
f <0 50
forbidden
area

Stress
/\ Internal
variables

Standard model
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Plastic flow : e :.)\ n

Elasticity

f <0

Stress
/\ Internal
variables

Associated model

f>0
forbidden
area
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Plastic pseudo-potential, general vs associated model

Elasticity

f <0

Stress
/\ Internal
variables

Associated model

f>0
forbidden
area
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§P_ A N

Plastic flow :

f=0, f=0
Elasticity
f <0 £50
forbidden
area

%

Non associated model
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Principle of maximal work

“The power of the real stress tensprassociated to the real plastic strain ra¢é€ is larger than the
power computed with any other admissible stress teasad esta tensor respecting the plasticity
condition associated t6”” . (Hill, 1951)

(@—¢g7):" 20
- o* on the loading surfacey in the domaing? = 0
- Normalityrule, withg* in the tangent plane,
kt*:e?P >0 and—kt*:éP >0
sothat:it*: ef =0

- Sign of the multiplyierby settingo* on the interior normal,g on the surface),
(o — o*) = kn colinear ton (k > 0), and :

Y ~Y

k@:)\’lg,ZO then: A>0
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Convexity of the loading surface

a. lllustration of the normality rule b. Convexity off
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Perftectly plastic behavior (1)

During plastic flow, the current point representing stress state can only follow the elastic
domain. The plastic multiplyier cannot be determined using stress rate

_.ﬁ_.

= = A
oo °
During plastic flow : n:o=0

Forf(o) =0andf(g) =0 : &P

i
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Perftectly plastic behavior (2)

g=A:(E-¢" and n:g=0

~Y
~Y

n:g=n:A:(-¢&")=n:A:é-n:A:An
n:A:¢g
A = ~
n:A:n
Case of isotropic elasticity and von Mises criterion
3 Sij
- TaT

Aijri = X050k + p(0indj1 + 041041)

Nij Nijri i = 300 5 N Nijri €k = 2 g €

Zy Az’jkl =2pung ;
A=—-mn:¢

Wl DN

For onedimensional loading, with= £11, this last expression can be written:

A =¢ésign(o) leadingto: &P =¢
UTMIS Course 2003 —Stress Calculations for Fatigue
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Flow directions associated with von Mises criterion

f(e) = J(g)— o, (no hardening)
8]" B 0J 0J 0s _ N 0J &skl

= == = : =~ Where ij =
T 9g 9g 0s Oa YT Dsm 00
0s 1
8012 = 0ik 041 — §5ij Okl
3 Sij 3 s
i = = — Wwhere = - =
"= 5 “T 9T
Pure tension along direction 1 :
1 0 0 1 0 0
20
s=—= |0 —-1/2 0 ; J=lo| 5 m=]0 -1/2 0
0 0 —1/2 0 0 —1/2
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Flow directions associated with Tresca criterion

-If 01 > 02 > 03, f(g) = |01 — 03| — 0y,
thenél, = 0 (shear type deformation) :

- For pure tension (for instaneg > 02 = o3 = 0) :

flg) =|o1 — 02| — 0y, Wheref(g) = |01 — 03| — 0y

1 0 0 1 0 0
e =Xl 00 o |+4p] 0 =1 0
0 0 —1 0 0 0
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Flow directions associated with Drucker—Prager criterion

flg)=J(g) —(oy —aTr(g)) /(1 —a)

Volume increase for any type of load:

3§_|_ a
n=-=
Y~ 2J 1-a”
3 .
trace(gf) = S\
~ l -«
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Prandtl-Reuss law (1)

flg,R) = J(g) — oy — R(p)

- Hardening curve for onedimensional monotonic loadings: o, + R(p).
- Plastic modulusH = dR/ds? = dR/dp

For pure tension:

nip = sign(o) , nee =nzz = (—1/2)n;
el =P = sign(o)\ |, 99 = £33 = (—1/2)€P
p=|eP| =\

For general 3D case:

1/2
el e =Nn:n= 5)\ thenp = (g g’ : §p>
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Prandtl-Reuss law (2)

- Use of the consistency condition:

0 orf - .
a—f:q+£ =0 writes: n:g—-Hp=0 and:
(02
: n:o 3 s
A= =—= with = - =
j7] 2=957
: n:o
ef=An="7"n
For pure tension:
ni1 = sign(o) , mn:d =oadsign(oc) and: }\:p:éﬁ’l
ni1 o o
sothat: &P = = —
g H nii H
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Hencky-Mises Law

Assumption ofsimple load

“The applied load in terms of stresses starts from an initial virgin state, and remains
proportional to one scalar parametér

Q‘ZkQ‘M ) Q’ZkQ‘M , §:k§M , J:kJMWIthO§k§1
3 s
n—= — =M constant
~ 2 Jy
n: 3
£ g:§ ‘Z—M ok = Tk

- o= [a- [

- axial components: 1 = (011 —oy)/H

- shear componentsz 12 = (012v3 — 0,) /H
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Prager rule (1)

fl@, X)=J(g-X) -0, with J(g-X)=(3/2)e~X): (- X))

~Y

Onedimensional loading : Tensile curve modeled by:

o —X|—0,=0 o= X(eP) + o,
SinceX is proportional tee?, its components for onedimensional loading are

X1, X992 = X33 = —(1/2)X14
Let us define:
X = (2/3)He?
For onedimensional loading, assume:
X =(3/2)X11 = Hely
then
s—X = diag ((2/3)0 — X11, —(1/3)0 + X11/2,id) = diag ((2/3)(c — X), —(1/3)(c — X), id))

~Y ~Y

Jo—-X)=lo—-X
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Prager rule (2)

Consistency condition:

of .  Of . . : . 3 s—X
— —— : X =0 then: co—n:X =0 with: N .
o 7T ox 7 megTme s "2 7e-X)

'3
Q
[
'3
>
[
'3
Wl

S
Q-

Q)]
i)
|
N
'S
|

H

- Same formal expression than for isotropic hardening, neverthelesdifferent;
- Under onedimensional loading,= 11, with X = (3/2) X1, :

o -X|=0, , &6=X=He
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Plastic flow under strain control

Isotropic elasticity and von Mises material:

. 2um g
- H+3pu
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Non associated plasticity

Threshold function Flow Hardening
(1) f P = Ag—ém — —Ag—é
@ f e = Ag—;m = ot
@ f = Agbar = Ay

Model (1) is standard, Model (2) is simply associated (funcfios not used for
determining hardening evolution, but it is still used for flow direction), the shape (3), the

most general, characterizes a non-associated model
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Tangent behavior in non associated plasticity

of

)y, —
J+(9Y[ 1 =20
withn = 0f /0o
. _ of 0Yr Oh
A= ~  with: H =
8Y[8a18Y1
AssumingN = 0g/0ac :
: n:A:e
A= ==
n:A:N
. (A:N)@(n:A)\ .
= (A - -~ Rt :
* (*‘f Hin:A:N )%
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3D plasticity

0 0000000000000 0000000000000 0000000000000 0 0 0
e A classical rule for (visco)plastic flow

el =An

e Time independent plasticity

A comes from the consistency condition
e Viscoplasticity

A comes from the viscoplastic potential

e 1 comes from the loading function (associated) or
not (non associated) model
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